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Abstract

Spacetimecodinghasreceivedconsiderableinterestrecentlyasasimpletransmitdiversitytechnique

for improving thecapacityanddatarateof a channelwithout bandwidthexpansion.Most researchwork

in space-timecoding,however, assumedthat the symbol timing at the receiver is perfectly known. In

practice,this has to be estimatedwith high accuracy. In this paper, a new symbol-timing estimator

for space-timecoding systemsis proposed.It improves the conventionalalgorithm of Naguib et al.

suchthat accuratetiming estimatescanbe obtainedeven if the oversamplingratio is small. Analytical

Mean-SquareError (MSE) expressionsarederivedfor theproposedestimator. Simulationandanalytical

resultsshow that, for modestoversamplingratio (suchas
�

equalto four), the estimationvarianceof

the proposedestimatoris significantly smaller than that of the conventionalalgorithm.The effects of

the numberof transmitandreceive antennas,theoversamplingratio andthe lengthof trainingsequence

on the MSE arealsoexamined.
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I . INTRODUCTION

Space-timeprocessingusingspace-time(ST)codinghasreceivedconsiderableinterestrecently

as an efficient meansfor high rate data transmission[1]-[10]. Symbol-timing synchronization

is an important issuein ST coding systemsbecauseperfectsymbol timing information at the

receiver is usually assumed.This problem was first studiedin [4], where orthogonaltraining

sequencesare transmittedat different transmit antennasto simplify the maximizationof the

oversampledapproximatedlog-likelihoodfunction.Thesamplehaving the largestmagnitude,so

calledthe“optimal sample”,is assumedto beclosestto theoptimumsamplinginstants(it will be

referredastheoptimumsampleselectionalgorithmin thesequelfor convenience).However, it is

shown in this paperthat theestimationvarianceof this algorithmis lower boundedby 1/(12��� ),
where � is the oversamplingratio. As a result, the performanceof this timing synchronization

methodhighly dependson the oversamplingratio. In fact, relatively high oversamplingratio

might be requiredfor accuratesymbol-timingestimation.

In this paper, a new symbol-timingestimatorfor ST codingsystemsis proposed.It improves

theoptimumsampleselectionalgorithmin [4] so thataccuratetiming estimatescanbeobtained

even if the oversamplingratio is small.The increasein implementationcomplexity with respect

to that of optimum sampleselectionalgorithm is very small. The requirementsand the design

proceduresfor the training sequencesare discussed.Analytical expressionsfor Mean Square

Error (MSE) of the proposedestimatorare derived. Both analytical and simulation results

show that, for modestoversamplingratio (suchas � =4), the MSE of the proposedestimator

is significantly smaller than that of the optimum sampleselectionalgorithm.Furthermore,the

effects of the numberof transmitand receive antennas,the oversamplingratio, and the length

of training sequenceon the MSE arealsoexamined.

Thepaperis organizedasfollows.Thesystemmodelof theST codingsystemis first described

in SectionII. A brief overview of the optimum sampleselectionalgorithm for symbol-timing

synchronizationin ST codingsystemis givenin SectionIII. Requirementsanddesignof training

sequencesarediscussedin SectionIV. The proposedsymbol-timingestimatoris thenpresented

in SectionV. Analytical MSE expressionsare derived in SectionVI. Simulation resultsand

discussionsarethenpresentedin SectionVII, andfinally conclusionsaredrawn in SectionVIII.



I I . SIGNAL MODEL

Both ST block coding and ST trellis coding systemscan be describedby the samebasic

communicationmodel [4]. The simplified basebandequivalentmodel,with � transmitand �
receive antennas,is shown in Figure 1. The information is encodedby a ST trellis or block

encoderto give the encodedsymbols �	��

������� � 

������������������

��� . Eachencodeddatasymbol ����

��� is

pulse shapedand then transmittedsimultaneouslyvia different antennas.A superpositionof

independentlyfadedsignalsfrom all the transmitantennasplus noiseis received at eachreceive

antenna.Thereceivedsignalat eachreceive antennais first filteredby a matchedfilter. It is then

passedthroughthe symbol timing recovery andthe channelestimationunits,andfinally the ST

decoder.

For flat fadingchannel,the received signalat the ����� receive antennacanbe written as
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where
')(ED � is the symbol energy;

- � ! ’s are the complex channelcoefficients betweenthe F ���
transmit antennaand the � ��� receive antenna,and are assumedto be statistically independent

for different transmit/receive antennas;����
#0G� is the informationsymbol transmittedfrom the FH���
transmitantenna;21
#"$� is the transmitfilter, which is assumedto be a root raisedcosinepulse;6
is the symbol duration; 9JILKM4;NO�#PO�ANC��PCQ is the unknown timing offset and 0 ! 
#"$� is the complex-

valuedcircularly distributedGaussianwhite noiseat the �R��� receive antenna,with power density

�TS . Throughoutthis paper, it is assumedthat the channelis frequency flat andquasi-static.

Let the received signal be sampledat a rate � times fasterthan the symbol rate 1/6 . The

sampledandmatchedfiltered signalat the � ��� receive antennais given by
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where1  _! 
�UV�1`  �! 
�UZ6 D �a� , XY
�"$�b`c21
�"$��d]2CeR
#"$� , ^ ! 
�UV�1`f0 ! 
#"$��d]2ReO
#"$�_g � *ChYiCjHk , and 2ReC
�"$� denotes

the matchedfilter. The problem underconsiderationis to estimatethe symbol timing delay 9
from the received samplesin (2).

1Notation l standsfor “is definedas”, and m denotesconvolution.



I I I . TIMING SYNCHRONIZATION BY OPTIMUM SAMPLES SELECTION

As proposedin [4], orthogonaltraining sequencescanbe periodicallytransmittedin between

datasymbols(asshown in Figure2) to assistthe timing synchronization.Note that thestructure

of training sequencesin this paperis differentfrom that presentedin [4]. In this paper, a cyclic

prefix and cyclic suffix, eachof length n , are included in order to remove the inter-symbol

interference(ISI) from the randomdata transmittedbefore and after the orthogonaltraining

sequences.Since n is usuallykept asa small number, the increasein lengthof training is very

small, especiallywhenthe lengthof the orthogonaltraining sequencesis large. More precisely,

let o��p%qKMrs��

NC�1rs��
�?t��������rs��
3n � 4u?t��Q bethe FH��� orthogonaltrainingsequenceof length n � (Fv%q?A����������� )

to be transmittedfrom the F ��� transmitantenna.The sampledsignal at the � ��� receive antenna

canbe obtainedby replacing����
#01� in (2) with rw�x
#01� . Further, let Uy%z���{<}| ( �7%LNO�O?A�A�������An � 4~?
and |�%�4}��� D B�4:93���A4V��� D B�4:93��<c?A����������4}��� D B�4:93��<���4�? , where ���,� denotesthe nearest

integer lessthanor equalto � ), so thateachsampleis indexedby the � ��� trainingbit andthe | ���
phase.The first phaseis taken at 4V��� D B&4593� suchthatall the � samplesfor the �#��� training bit

aretakenfrom 4�6 D B]��"�4���6���6 D B . Thenthereceivedsignal  �! 

�
�u<�|�� dueto theorthogonal

training sequencescanbe rewritten as
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for �7%zNO�O?t����������n � 4�?t� and |�%zNO�C?A������������4�?t�
where 9 � `�9R<8��� D B=4�9
� D � . Note that ��� D B=4u93� hasbeendroppedfrom the index of ^ ! 
3����<u|��
sincea fixed shift doesnot affect the noisestatistics.In practice,it is sufficient to estimate9 �
only as it representsthe time differencebetweenthe first sampleof the training sequenceand

the next nearestoptimum samplinginstance.Grouping the sampleswith the samephase,one

can form the vector � ! 

|�� as follows:
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where2
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3|�� , where o�¦� denotesthetransposeconjugateof o�� . Since

o�� ’s areorthogonalto eachotherwhenthe relative delay is zero, it follows that

¥�� ! 
3|��&%
')(
�
- � ! X¡
 |�6� 489 � 6;��§$o���§ � <

'v(
�

�
��¨©*,�

- � ¨ ! o ¦� � � ¨ �J
3|��=<ªo ¦� � ! 
3|���� (6)

for |«%LNO�������7���¬4�? , §$o��x§ � ` o ¦� o�� is thenormof o�� , which is a constant;� � is thesameas � �
but with the 

na<5?t� ��� columnremovedand �J
3|�� is thesameas �J
3|�� but with the 

na<5?t� ��� entry

removed.The secondterm in (6) representsthe ISI if the training sequencesarenot orthogonal

when the relative delay is not zero.The last term in (6) is the noiseterm.

From (6), it can be observed that, if the secondand third termsare very small, ¥�� ! 

|�� has

the sameshapeas XY
�"$� for 4J6 D BV�­"¬�­6 D B , except that it is scaledby a complex channel

gain and is corruptedby additive noise.In order to remove the effect of the channel,consider

the sequence®G� ! 

|��v`yg¯¥�� ! 
3|��_g � . Now, the sequence®G� ! 
3|�� shouldhave a similar shapeto the

function g X¡
#"$��g � for 4J6 D B���"°��6 D B . This is illustratedin Figure3, whereanexamplesequence

of ®1� ! 
3|�� is shown ( � =8, n � =32, n =3 and in the absenceof noise).Note that a scaledversion

of g XY
#"$�_g � for 4J6 D B���"��±6 D B is also shown (in dotted line) for comparison.It can be seen

that the optimum samplingtime is at " =0 and the samplewith maximumamplitudeis the one

closestto the optimumsamplinginstantthan the remainingsamples.

A simple symbol-timingsynchronizationalgorithm is to choosea value of | closestto the

optimum samplinginstants.That is, the optimum samplingphase|�%@|_² is selectedsuchthat

it maximizes ®1� ! 
3|�� . For multiple transmit and receive antennas,the averageof ®G� ! 
3|�� over

all F and � is maximized(see (8), where the scaling factor ? D �z� is not included in order

2Notation ³R´ denotesthe transposeof ³ .



to preserve a simplified notation).As mentionedin [4], this is in fact the approximatedlog

likelihood function for symbol-timingsynchronization,when the ISI plus noise term in (6) is

assumedto be Gaussian.Therefore,the optimumsamplingphaseis selectedas

|_²µ% ¶�·t¸¹ *R²tº �»º¯¼¯¼¯¼¯º kY½,� ®G¾À¿b
3|�� (7)

with

®1¾À¿1

|��W%
¾
! *,�

�
��*,� ®G�

! 

|���� (8)

Undertheoptimisticassumptionthatthesamplesclosestto theoptimumsamplingpositionsare

correctlyestimated(at high Signal-to-NoiseRatio), theestimationerror, normalizedwith respect

to the symbolduration,is a uniformly distributedrandomvariablein the range KM4¬? D BO�;�O? D BC�;Q .
Therefore,the MSE normalizedwith respectto the symbol duration 6 is ? D 
�?tBC���t� . Thus, a

relatively high oversamplingratio might be requiredin order to obtaina small MSE.

IV. DESIGN OF TRAINING SEQUENCES

The performanceof the proposedtiming estimatoris directly influencedby the presenceof

ISI and noise terms in (6). In order to minimize the contribution of the ISI term in (6), the

training sequencesneedto be designedsuchthat

o ¦� � � ¨ %zN;� (9)

for all combinationsof F and F � . Combiningwith the fact that sequencesfrom differentantennas

have to be orthogonalwhenthe relative delay is zero,the problemof training sequencesdesign

resumesto finding � sequencessuchthat

� ¦� � � ¨ % §$o���§ �tÁ if Fv%�F �
N if F£Â%�F � �

where Á denotesthe identity matrix. This is exactly theproblemof designingmultiple 

BOn�<�?t� -
perfect sequences[11], [12]. Here, we just mention the proceduresfor designingthe training

sequences,interestedreaderscan refer to the original papers[11][12] for details.

1) Constructa sequenceÃ�% KMÄ�
�NC�ÅÄ	
s?t�Å������Ä	
3n � 4Æ?t��Q with length n � such that all of its

out-of-phaseperiodic auto-correctiontermsare equal to zero. One exampleof this kind

of sequenceis Chu sequence[14].



2) ConstructanothersequenceÃ � %ÇK¤Ä � 
�NC��Ä � 
�?t�������YÄ � 
3n � <ÈBO��nu4L?t�sQ of length n � <ÈBO��n as

follows

Ã$�É%qKMÄ�
�NC�µÄ�
s?t�£������Ä	
3n � 4�?t�Ê Ä	

NR�£Ä	
�?t�µ�����YÄ	

BO��n{4�?t�sQ©� (10)

Note that n ��Ë BO��n must be satisfied.That is, if the numberof transmitantenna� is

large, we cannotusetraining sequenceswith short length.

3) The orthogonaltraining sequencesaregiven by

o��¡%ÇK¤Äx�»
s

BAFY4z?t��nW�£�����bÄx�»
s

BAFY4�?E��n�<�n � 4�?t�sQ©� (11)

For example,let considern � =32, n =3, � =2. First we constructa Chu sequenceof length32.

Then cyclically extend the Chu sequenceby copying the first B�Ì�B�Ì�Í«%Î?tB bits and putting

themat the back.Then, o��W%@KMÄ � 

ÍC�µÄ � 

ÏR�£�����YÄ � 

ÍRÏC��Q and o � %qKMÄ � 

ÐC�TÄ � 
�?ENC�T�����1Ä � 
�ÏCNC��Q .
V. TIMING SYNCHRONIZATION BY ESTIMATION

First of all, let’s constructa periodicsequence®G¾À¿b
#UV� by periodicallyextendingtheapprox-

imatedlog likelihood sequence®1¾À¿1

|�� in (8). Further, denote ®G¾À¿Y
_Ñ9 � � as the continuousand

periodic approximatedlog likelihood function with its samplesgiven by ®1¾À¿Y
#UV� . According

to samplingtheorem,as long as the samplingfrequency � D 6 is higher than twice the highest

frequency of ®1¾À¿1
_Ñ9 � � , then ®1¾À¿1
_Ñ9 � � canbe representedby its samples®G¾À¿Y
�UV� without lossof

information.The relationshipbetween®G¾À¿b
_Ñ9 � � and ®1¾À¿1
�UV� is thengiven by

®1¾À¿1
 Ñ9 � �&%
Ò

h)*,½ Ò ®1¾À¿1
�UV� sinc Ó Ñ9 � 684�UZ6
D �

6 D � � (12)

Now, expand ®G¾À¿Y
 Ñ9 � � into a Fourier series

®G¾À¿b
 Ñ9 � �v%
Ò

Ô *,½ Ò
Õ Ô_Ö ! �»× ÔCØÙ ¨ (13)

where

Õ Ô %
i
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_Ñ9 � � Ö ½ ! �»× ÔOØÙ ¨ �GÑ9 � � (14)



Substituting(12) into (14) yields
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i
² sinc Ó Ñ9 � 684:��6:48|�6
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%
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3|�� Ö
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Û)Ü

sinc
#Ó Ñ9 � ��Ý_Þ�* Ô jHkG� (15)

where
Û)Ü Ý denotesthe Fourier transform.It is clear that if � is even,

Õ Ô %
�k kY½,�¹ *R² ®G¾À¿b
3|�� Ö ½ ! �»× Ô ¹ jHk for X¬%z4;� D B�<�?t����������� D B�4�?�
� k

kY½,�¹ *R² ®G¾À¿b
3|�� Ö ½ ! �»× Ô ¹ jHk for X¬%z4;� D BC��� D B
N otherwise

�

and if � is odd,

Õ Ô %
�k kY½,�¹ *R² ®1¾À¿Y
3|�� Ö ½ ! �»× Ô ¹ jHk for X¬%�4V��� D Bt��������������� D BA�
N otherwise�

From (13), it can be seenthat once the coefficients
Õ Ô are determined,the timing delay

9 � can be estimatedby maximizing ®1¾À¿1
 Ñ9 � � for Nf� Ñ9 � � ? . For efficient implementation,

®G¾À¿b
_Ñ9 � � for N���Ñ9 � �Î? can be approximatedby an ß -point sequence,denotedas ®G¾À¿b
 Ñ|�� for

N�� Ñ|���ßà4Æ? , by zero paddingthe high frequenciescoefficients of
Õ Ô and performing a

ß -point inverseDiscreteFourier Transform(IDFT). For sufficiently large valueof ß , ®G¾À¿b
 Ñ|��
becomesvery closeto ®G¾À¿b
_Ñ9 � � for N��áÑ9 � �­? , andthe index with the maximumamplitudecan

be viewed asan improved estimateof the timing parameter9 � .
To avoid the complexity in performing the ß -point IDFT, an approximation3 is applied to

(13). More precisely,

®1¾À¿b
_Ñ9 � �&â Õ ²&<�BAã{ä Ü Õ � Ö ! �»× ØÙ ¨ Ý for N]�áÑ9 � �q?A� (16)

where ã{ä Ü �YÝ standsfor real part of � . In order to maximizethe approximatedlog likelihood

function ®G¾À¿b
_Ñ9 � � , we have

·Cå�æ�
 Õ �s�&%c4;BAÓ Ñ9 � � (17)

3A similar approximationhasbeenappliedin [15].



where ·Rå�æ�
#�¡� denotesthe phaseof � . Or equivalently,

Ñ9 � %�4 ?
BAÓ ·Cåsæ

Ü kb½,�
¹ *R² ®1¾À¿1

|�� Ö

½ ! �»× ¹ jHk ÝO� (18)

The estimateddelay Ñ9 � is the time betweenthe first samplingphaseandthe nearestoptimum

samplinginstant.The calculationwithin the ·Cå�æ -operationis actually the B .Aç output of an � -

point DiscreteFourierTransform(DFT) of thesequence(or theFouriercoefficient at symbolrateè %Æ? D 6 ). Note that the increasein complexity of the proposedalgorithm in (18) with respect

to thatof optimumsamplesselectionalgorithmis only a � -point DFT (which canbe efficiently

implementedusing Goertzel’s algorithm) and an ·Rå�æ -operation.From the simulationresultsto

be presentedat SectionVII, it is found that an oversamplingfactor � of 4 is sufficient to yield

good estimatesin practicalapplications.Therefore,the 4-point DFT in (18) can be computed

easily without any multiplicationssince éw¸�ê�
34J�	BAÓ&| D ÏR�ÀI ÜOë ?A� ë ��Ý . This greatly reducesthe

arithmeticcomplexity of implementation.

VI. PERFORMANCE ANALYSIS

We derive the MSE expressionsof the proposedestimator in this section.Since we can

constructorthogonalsequencessuchthat (9) is satisfied,the ISI term in (6) vanishes.Further

with the fact that §$o��x§ � %zn � , we have

®G¾À¿Y
3|��v%
�
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¾
! *,� gM¥��
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Let

93��%z4 ?
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as the true delay. Taking the differencebetween(18) and(23), the MSE is given by

ï K�
 Ñ9 � 489 � � � Qq% ?
BAÓ

� ï ·Cå�ð»ñ_·Cò
óRô¬õ
ã�ä õ

�
(24)

â ?
BAÓ

� ï õ 4 õ î
�p
 õ < õ î �

�
(25)

â 4 ?
BtÓ

� ï K õ ��QC4:B ï K õ7õ î QC< ï K�
 õ î �3��Qï K õ � QO<�B ï K õ7õ î QC< ï K�
 õ î � � Q (26)
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where

õ ` Ö ! �»× Ù ¨
kY½,�
¹ *R² ®G¾À¿b
3|�� Ö

½ ! �»× ¹ jHk �

%Æì � - Ö ! �»× Ù ¨
kY½,�
¹ *R² X � 
3|�6

D �:4:93�¢6;� Ö ½ ! �»× ¹ jHk < Ö ! �»× Ù ¨
kY½,�
¹ *R² í1
3|�� Ö

½ ! �»× ¹ jHk � (28)

andin passingfrom (26) to (27), the fact
ï K�
 õ î � � Q�%q
 ï K õ � Q�� î wasused.What remainsto do is

to calculate
ï K õ � Q and

ï K õ7õ î Q .
From (28), we have

ï K õ � Q,%�ì8ö ï K - � Q Ö ! ö × Ù ¨
kY½,�
¹ *R² X � 

|�6

D ��489��¢6;� Ö ½ ! �»× ¹ jHk � < Ö ! ö × Ù ¨ ï
kb½,�
¹ *R² í1
3|�� Ö

½ ! �»× ¹ jHk � �
(29)

The crosstermsvanishsince
-

and íG

|�� are uncorrelatedand it is proved in Appendix I thatï K í1
3|��sQ is a constantandindependentof | . Note that
-

is a centralchi-squarerandomvariable

with BO�z� degreeof freedomandvariancein eachdimensionequals0.5, so
ï K - �AQ,%��z��
s?Y<

�z�u� . It is further proved in Appendix I that

ï K íG

|R�©�
í1
3|R� ����Q,%c�z��

�z�Æ<�÷ � 
�

|R�	4:|R� �©�36 D �;�s��� �S n � �
<�BO�z���TS_n � ì � XY
3|���6 D �:489���6;�
XY
3|R� ��6 D �84:9��¢6;��÷°
�
3|���48|R� �©�
6 D �a�

(30)

where

÷°
#øp�1`
Ò
½ Ò 2Ce�
#"$�
27îe 
#"1<5øp����" (31)



is the correlationbetweennoisesamplesintroducedby the matchedfilter. Using (30), it canbe

easilyshown that

ï kY½,�
¹ *R² í1
3|�� Ö

½ ! �»× ¹ jHk � %cBO�z���µS�n � ì ��ù¡ú �5<:�z��� �S n � � ù �b�µ� (32)

where

ù¡ú ��`
kY½,�
¹ ¨ *R²

kY½,�
¹ ¨ ¨ *R² XY

|R��6

D �:489��¤6]�
XY
3|�� �¢6 D �:4:9��¢6;��÷J
�

|R��48|R� ���36 D �;� Ö ½ ! �»× ¹ ¨ ¨ jHk Ö ½ ! �»× ¹ ¨ jHk (33)

ù �1��`
kY½,�
¹ ¨ *R²

kY½,�
¹ ¨ ¨ *R² ÷ � 
s
3|R��48|�� �+�36

D �a� Ö ½ ! �»× ¹ ¨ ¨ jHk Ö ½ ! �»× ¹ ¨ jHk � (34)

Plugging(32) back into (29), an expressionfor
ï K õ ��Q is obtained.A similar procedurecan be

appliedto obtaintheexpressionfor
ï K õ�õ î Q . After somestraightforwardmanipulations,it canbe

shown that the MSE for a specificdelay 9 � is given by

ï K�
_Ñ9 � 489 � � � Q�%�4 ?
BtÓ

� ã�ä Ü ï K�ûõ �AQ�Ýµ4 ï K�ûõ ûõ î Q
ã{ä Ü ï K�ûõ � Q©Ý�< ï K�ûõ ûõ î Q � (35)

where

ï K�ûõ � Q1%Æn ��
?G<:�z�
� � Ö ! ö × Ù ¨ 
 ù¡ú�ú � � <

'v(
�TS

½,� BOn �� Ö ! ö × Ù ¨ ù¡ú ��<
'v(
�µS

½ � Ö ! ö × Ù ¨ ù �1�µ� (36)

ï K�ûõ ûõ îsQ1%Æn ��
?G<:�z�
� � g ù¡ú�ú g � <

'v(
�µS

½,� BOn �� ù¡ú ��<
')(
�TS

½ � ù �1�\� (37)

with

ù¡ú/ú %
kY½,�
¹ *R² X � 
3|�6

D �:489��¤6]� Ö ½ ! �»× ¹ jHk � (38)

Sincethetiming delayis assumedto beuniformly distributed,theaverageMSE canbecalculated

by numericalintegrationof (35).

VII . SIMULATION RESULTS & DISCUSSIONS

The performancesof the synchronizersbasedon the optimum sample selection (7) and

the proposedalgorithm (18) are evaluatedin this section.The MSE (normalizedwith respect

to symbol duration 6 ) of the estimatesare calculatedusing both the analytic expressions

derived in the last sectionand Monte Carlo simulations,where eachMSE-value is obtained

by averaging over ?tN�ü estimates.Since it is assumedthat the first sampleof the training



sequencecan be correctly identified, the timing offset 9 becomesuniformly distributed in the

interval KM4ý? D BO�]�C? D BO�aQ . Thechannelcoefficients
- � ! aregeneratedascomplex Gaussianrandom

variableswith zeromeanandavarianceof 0.5perdimension.Theraisedcosinepulsewith excess

bandwidthþ}%cNC��Í is considered.The trainingsequencesaregeneratedfollowing theprocedures

in SectionIV with n�%LÏ . In all thefigures,MSEof boththeproposedalgorithmandtheoptimum

sampleselectionalgorithmareplottedagainst
')(ED �TS , with the markersshowing the simulation

results,while the solid lines representthe theoreticalMSE derived in the last section.

A. Effect of Oversampling Ratio

In (12), it is assumedthat the samplingfrequency is at leasttwice the highestfrequency of

®G¾À¿b
_Ñ9 � � . Since ®G¾À¿Y
_Ñ9 � � has the sameshapeas g XY
�"$��g � for 4J6 D B���">�±6 D B , where XY
�"$� is a

raisedcosinepulse,it is naturalto predict that the samplingfrequency � D 6 hasto be greater

than B¬Ì�B D 6 (i.e., � Ë Ï ). This prediction is corroboratedby Figure 4, where the MSE are

shown for � =2, 4, 8 and16 in a two-transmit,four-receive antennasystemwith n � =32. Several

conclusionscanbe drawn from the figure:

1) Performancesof theoptimumsampleselectionalgorithmarelower boundedby ? D 
�?EBO� � � ,
and are poorer than that of the proposedalgorithm, for all value of � (except � =2, in

which casethe performancesof both algorithmsare the same).

2) It can be seenthat for � =2, the MSE of the proposedalgorithm is much higher than

otheroversamplingratio. This confirmsthe above argumentthat � hasto be greaterthan

4 in order to represent®G¾À¿b
 Ñ9 � � without much loss of information. For � =8 and 16 the

performanceimprovesat high
'v(tD �TS . This can be explainedby the fact that ®G¾À¿b
_Ñ9 � � is

a truncatedversionof g XY
#"$�_g � , so ®G¾À¿b
 Ñ9 � � is no longer bandlimited.Therefore, ®1¾À¿1
�UV�
would, in general,suffer from aliasing from the neighboringspectra.Increasing � thus

reducesthe aliasingand improvesthe performance.

3) TheanalyticalMSEs(solid lines in thefigure)matchvery well with thesimulationresults

for � =4, 8 and16. Note that for � =2, theanalyticMSE expressiondoesn’t hold andonly

the simulationresultshave beenplotted in Figure4.

4) Strictly speaking,� shouldbe at leastequalto 16 in orderto represent®G¾À¿b
 Ñ9 � � usingits

samples®G¾À¿Y
�UV� without lossof information.However, for � =4, theMSE of theproposed

algorithm reachesthe order of ?tN ½ ü at mediumand high
'v(tD �TS , which is a reasonably



good performancein practical applications.Becauseof this reason, �ÿ%ÿÏ is used to

generatethe simulationresultsfor the restof this paper.

B. Effect of Length of Training Sequences

Figure5 shows theMSE of a two-transmit,four-receive antennasystemwith differentlengths

( n � ) of the training sequences.In this figure, it canbe seenthat increasingthe lengthof training

sequencesimproves the performanceat low
'v(tD �TS . But at high

'v(tD �TS , the MSEs are the

samefor all n � . Again, the performancesof the proposedalgorithmis muchbetterthan that of

optimumsamplesselectionalgorithm.It is alsonotablethat theanalyticMSE expressionsmatch

the simulationresultsvery well.

C. Effect of Number of Receive Antennas

Figure 6 comparesthe MSE for different numberof receive antennaswhen two transmit

antennasand n � % ÍCB are used.We can seethat increasingthe numberof receive antennas

reducesthe MSE at low
')(ED �µS , but it doesnot help at high

'v(ED �TS . The proposedalgorithm

exhibits much smaller MSE than the optimum sampleselectionalgorithm. When comparing

the theoreticalandsimulationresultsof the proposedalgorithm,it canbe seenthat they match

pretty well except for � % ? case.This is due to the fact that the ·Cå�ð»ñ_·Cò approximationin

(25), in general,holds only for AWGN channels4 but not for fading channels.In the presence

of fading, the channeloutput may assumea large rangeof valuesand the approximationdoes

not hold anymore. Of course,a better approximation,such as ·Rå�ðwñ�·Cò¡
��¡��âÆ�}4�� � D Ía<��Éü D P
may be used,but the analysiswould becomeextremely complicatedas higher order moments

are involved. Fortunately, as the numbertransmit or receive antennaincreases,the equivalent

averagedchannelacrossall transmit/receive antennastendsto behave like an AWGN channel

andtheapproximationbecomesvalid again.This canbeseenfrom thecases� %cB and � %LÏ ,
the theoreticaland the simulationresultsare closerwhen comparedwith the � %Î? case.For

� % �
and � %@?�� , the theoreticalandthe simulationresultsmatchexactly.

4Note that this approximationhasbeenappliedin similar applications[16], [17] in AWGN channelsonly.



D. Effect of Number of Transmit Antennas

Finally, we assesstheMSE whendifferentnumberof transmitantennasareusedwith n � %��RÏ .
The resultsshown in Figure 7 illustrate that increasingthe numberof transmitantennasdoes

not changethe MSE performances.The theoreticaland the simulationresultsfor the proposed

algorithmmatchvery well. Onceagain,the proposedalgorithmperformsmuchbetter.

VII I . CONCLUSIONS

A new symbol-timingdelayestimatorfor ST codingsystemshasbeenproposed.It improves

the optimumsampleselectionalgorithmof Naguibet al. [4] suchthataccuratetiming estimates

areobtainedeven if the oversamplingratio is small.The increasein implementationcomplexity

with respectto the optimumsampleselectionalgorithmis very small.The requirementsandthe

designprocedurefor the training sequencesare discussed.Analytical expressionsfor MSE of

the proposedestimatorarederived. It is shown that the MSE analyticalexpressionsmatchvery

well with the simulation results in most of the cases.Simulationsresultsalso show that, for

modestoversamplingratio (suchas � =4), the MSE of the proposedestimatoris significantly

smallerthan that of the optimum sampleselectionalgorithm.Furthermore,the performanceof

the proposedalgorithm improves with the numberof receive antennasbeing employed or the

lengthof training sequences.

Appendix I: Proof of
ï K í1
3|���Q is a constant and (30)

We first note the following facts

ï K ^ ! 
3������<�|R�©�sQ@% N �,�/�A������|R� (39)

ï K - � ! ^ ! 
3������<�| � �sQ@% N �,F��s�/�������A| � (40)

ï K ^ ! 
3�����:<�| � �
^ ! ¨ 

� � �:<�| � � �sQ@% N �,�/�w� � ��������� � ��| � �A| � � (41)

ï K ^ ! 
3�����:<�|R�©�
^=î! ¨ 

� � �:<�|R� �©�sQ@% �TSA÷J
�
s
3���=48� � ����<:|���48|�� �©�
6 D �a��� !�! ¨ (42)

ï K - � ! - ��¨ ! ¨+Q@% N �,F��sF � �s�/�s� � (43)

ï K - � ! - î� ¨ ! ¨ Q@% ���¢� ¨ � !�! ¨ � (44)



where ���¢� ¨ %@? if F)%�F � andzerootherwise.Sincethe matchedfilter is a root raisedcosinefilter,

we alsohave

÷°

NC� % ? (45)

÷°
#øp� % ÷°
34Jøp� (46)

÷J

��6]� % N for �&Â%zNC� (47)

Let

íC� ! 

|��W%­g o ¦� � ! 

|���g � <�BOì � XY

|�6 D �84�9��¢6;�3ã�ä�K - � ! 
�o ¦� � ! 
3|����xîwQ (48)

suchthat íG

|��W% ���*,� ¾! *,� íC� ! 
3|�� . The meanof íR� ! 
3|�� is

ï K íR� ! 
3|���Qq%
¿
	�½,�
Ú *R²

¿�	�½,�
Ú ¨ *R² rw��
3� � ��r î� 
3���

ï K ^ ! 

�
�:<�|��3^ î! 

� � �:<:|��sQ

%
¿ 	 ½,�
Ú *R² g¤rw��
3���_g �

ï K�g ^ ! 
3���:<:|��_g � Q
% �µS�n � � (49)

wherein thefirst equality, we applied(40) andin thesecondequality, we applied(47).Therefore,ï K í1
3|��sQ�%��z���TS�n � is a constantand independentof | .
The secondmomentof íR� ! 

|�� is given by

ï K íR� ! 

|R�©�
íC� ¨ ! ¨ 

|R� �+�sQ�% ï g o ¦� � ! 
3|��+��g � g o ¦� ¨ � ! ¨ 

|R� ����g � <�ÏOì � X¡
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|R� �©� î � (50)

Note that (40) makesthe crosstermsvanish.Consideringthe first term in (50),

ï g o ¦� � ! 
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Using the fact that if � , � , r , � are jointly Gaussian,then

ï K��
�$rE�OQ,% ï K��
�xQ ï KMrt�OQC< ï K���r$Q ï K��$�OQC< ï K����OQ ï K��$r$QC< ï K��OQ ï K��xQ ï K¤r$Q ï K¤�OQ�� (52)



andapplying(39), (41) and(42), we have
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Pluggingthis resultback into (51), we obtain
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Considerfirst F]Â%8F � . We note that the secondterm in (54) is approximatelyzero since ÷J
�øp� is

a decayingfunction of ø . When ���v%�� ö or g¤���¡48� ö g is small, ÷J
s
3���¡48� ö �
6:<�

| � 48| �¯� �36 D �;� has

significantvalues.But in thesecases,
¿�	+½,�Ú�
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� ö �&%cN sincethetrainingsequences

aredesignedsuchthatthey areorthogonalwhentherelativedelayis small.When g¤���t4¬� ö g is large,
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For FT%�F � , the only casethat the secondterm in (54) is nonzerois when ���µ%q� ö and � � %­� � .
Therefore,we have
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Now considerthe secondterm of (50) (ignoring the non-randompart at this moment).Ex-

pandingit out andapplying(43) and(44), we notethat it is zeroexcept for the caseFv%�F � and

��%ª� � , in which casewe have
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Plugging(55) and(56) back into (50), we obtain
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Finally,
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Fig. 1. Simplified basebandequivalentmodel for space-timecodingsystem.
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Fig. 2. Structureof the training sequencefor symbol timing synchronizationin a two transmitantennassystem.
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Fig. 4. MSE performancefor differentoversamplingratio J (K =2, L =4, M 	 =32, N =0.3).
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Fig. 5. MSE performancefor different lengthsof the training sequence(K =2, L =4, J =4, N =0.3).
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Fig. 6. MSE performancefor differentnumberof receive antennaL (K =2, M 	 =32, J =4, N =0.3).
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Fig. 7. MSE performancefor differentnumberof transmitantennaK (M 	 =64, J =4, N =0.3, L =2).


