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. INTRODUCTION

Space-timgrocessingisingspace-timgST) codinghasrecevedconsiderablénterestrecently
as an efficient meansfor high rate datatransmission1]-[10]. Symbol-timing synchronization
is an importantissuein ST coding systemsbecauseperfect symbol timing information at the
recever is usually assumedThis problemwas first studiedin [4], where orthogonaltraining
sequencesre transmittedat different transmit antennago simplify the maximizationof the
oversampledapproximatedog-likelihoodfunction. The samplehaving the largestmagnitude so
calledthe“optimal sample”,is assumedo be closesto the optimumsamplinginstants(it will be
referredasthe optimumsampleselectionalgorithmin the sequelfor corvenience)However, it is
shown in this paperthat the estimationvarianceof this algorithmis lower boundedby 1/(12Q2),
where( is the oversamplingratio. As a result, the performanceof this timing synchronization
method highly dependson the oversamplingratio. In fact, relatively high oversamplingratio
might be requiredfor accuratesymbol-timingestimation.

In this paper a new symbol-timingestimatorfor ST coding systemsds proposedIt improves
the optimum sampleselectionalgorithmin [4] sothataccurateiming estimatesanbe obtained
evenif the oversamplingratio is small. The increasen implementatiorcompleity with respect
to that of optimum sampleselectionalgorithmis very small. The requirementsand the design
proceduredor the training sequencesre discussed Analytical expressionsfor Mean Square
Error (MSE) of the proposedestimatorare derived. Both analytical and simulation results
shov that, for modestoversamplingratio (suchas ()=4), the MSE of the proposedestimator
is significantly smallerthan that of the optimum sampleselectionalgorithm. Furthermore the
effects of the numberof transmitand receve antennasthe oversamplingratio, and the length
of training sequencen the MSE are also examined.

Thepaperis organizedasfollows. The systemmodelof the ST codingsystemis first described
in Sectionll. A brief overvien of the optimum sampleselectionalgorithm for symbol-timing
synchronizationn ST codingsystemis givenin Sectionlll. Requirementsinddesignof training
sequencesarediscussedn SectionlV. The proposedsymbol-timingestimatoris thenpresented
in SectionV. Analytical MSE expressionsare derived in SectionVI. Simulation resultsand

discussionsarethenpresentedn SectionVIl, andfinally conclusionsaredravn in SectionVIII.



[I. SIGNAL MODEL

Both ST block coding and ST trellis coding systemscan be describedby the samebasic
communicationmodel [4]. The simplified basebandquialentmodel, with N transmitand M
receve antennasjs shavn in Figure 1. The information is encodedby a ST trellis or block
encoderto give the encodedsymbolsd; (1), ds(1), ..., dn(1). Eachencodeddatasymbol d;(l) is
pulse shapedand then transmittedsimultaneouslyvia different antennasA superpositionof
independenthfadedsignalsfrom all the transmitantennagplus noiseis receved at eachreceve
antennaTherecevedsignalat eachreceve antennas first filtered by a matchedilter. It is then
passedhroughthe symboltiming recovery andthe channelestimationunits, andfinally the ST
decoder

For flat fading channelthe receved signal at the j* receve antennacan be written as

N
ri(t) = \/%Z hij Y di(n)g(t —nT — €T) +n,(t),  j=1,2,.. M (1)

where E, /N is the symbol enegy; h;;'s are the complex channelcoeficients betweenthe
transmitantennaand the ;" receive antenna,and are assumedo be statistically independent
for differenttransmit/receie antennasy;(n) is the information symboltransmittedfrom the ;™"
transmitantennay(¢) is the transmitfilter, which is assumedo be a root raisedcosinepulse; T
is the symbol duration;e € [—0.5,0.5] is the unknown timing offsetandn;(t) is the complex-
valuedcircularly distributed Gaussiarwhite noiseat the j* receve antennawith power density
N,. Throughoutthis paper it is assumedhat the channelis frequeng flat and quasi-static.

Let the receved signal be sampledat a rate () times fasterthan the symbol rate 1/7". The

sampledand matchedfiltered signal at the j'* receve antennas given by
5 N
ri(m) =/ ﬁs > ki Y di(n)p(mT/Q — nT — €T') + n;(m), (2)
=1 n

wheré r;(m) £ r;(mT/Q), p(t) = g(t)®g.(t), n;(m) = n;(t) @, (t)|i=mr/q, andg,(¢) denotes
the matchedfilter. The problem under considerationis to estimatethe symbol timing delay ¢

from the receved samplesin (2).

INotation £ standsfor “is definedas”, and ® denotesconvolution.



[11. TIMING SYNCHRONIZATION BY OPTIMUM SAMPLES SELECTION

As proposedn [4], orthogonaltraining sequencesan be periodically transmittedin between
datasymbols(asshaowvn in Figure 2) to assistthe timing synchronizationNote thatthe structure
of training sequence this paperis differentfrom that presentedn [4]. In this paper a cyclic
prefix and cyclic suffix, eachof length L, are includedin orderto remove the inter-symbol
interference(ISI) from the random data transmittedbefore and after the orthogonaltraining
sequencesSince L is usually kept asa small number the increasen length of trainingis very
small, especiallywhenthe length of the orthogonaltraining sequencess large. More precisely
letc; = [c;(0) ¢;(1)...c;(L;—1)] bethei™ orthogonalrainingsequencef length, (i = 1, ..., N)
to be transmittedfrom the ;' transmitantenna.The sampledsignal at the ;" receve antenna
canbe obtainedby replacingd;(n) in (2) with ¢;(n). Furtherletm =1Q+k (1=0,1,...,L; —1
andk =—|Q/2—¢€|,—|Q/2—€|+1,...,—|Q/2 — €] + Q — 1, where | x| denoteshe nearest
integer lessthanor equalto ), sothateachsampleis indexed by the /' training bit andthe £
phaseThefirst phaseis takenat —|Q/2 — ¢| suchthatall the Q sampledor the /*" training bit
aretakenfrom —7'/2 < ¢t—IT < T'/2. Thentherecevedsignalr;(IQ+ k) dueto the orthogonal

training sequencesan be rewritten as

N
By ,
r(IQ + k) =\ D_hi Y cimp(RT/Q + (I = n)T — €T) + n;(1Q + k) (3)
i=1 n
fori=0,1,....,L;— 1, andk=0,1,...,Q — 1,
wheree’ £ e+ |Q/2—¢|/Q. Notethat | Q/2—¢| hasbeendroppedfrom theindex of 7, (1Q + k)
sincea fixed shift doesnot affect the noise statistics.In practice,it is sufficient to estimatee’
only asit representghe time differencebetweenthe first sampleof the training sequenceand

the next nearestoptimum samplinginstance.Groupingthe sampleswith the samephase,one

canform the vectorr;(k) asfollows:
rj(k) £ [rj(k) 75(Q + k) 75(Q +2k) .. (L — DQ + k)" (4)

X
= \/%Z hi;Cip(k) + (k) (5)



wherée

ci(mod(—L, L)) ci(mod(—L + 1, L)) ... ci(mod(L, Ly))
c - ¢i(mod(—L + 1, Ly)) ci(mod(—L +2,Ly)) ... ci(mod(L + 1, L))
| ci(mod(—L+ Ly —1,L;)) ci(mod(—L+ Ly, L)) ... c¢;(mod(L+ Ly —1,L;)) |

p(k) 2 [p(kT/Q — LT —€T) p(kT/Q — (L — 1)T —€T) ... p(kT/Q + LT — €T)]*
n;(k) £ (k) nj(Q+k) ... n;((Le — 1)Q + k)]".

Definethe sequencel,;; (k) £ cr;(k), wherec!’ denoteghe transpos&onjugateof c;. Since

¢;’s are orthogonalto eachotherwhenthe relative delayis zero, it follows that

E, kT ) B, & PP .
Ui (k) = Nhijp(a —eDlleill” +1/ % > huel Cop(k) + 'y (k), (6)
=1
fork=0,...,0-1, ||c;||* £ v/cHc; is thenormof c;, whichis aconstantf)i is thesameasC;

but with the (L + 1) columnremovedandp(k) is the sameasp(k) but with the (L + 1) entry
removed. The secondtermin (6) representshe ISl if the training sequenceare not orthogonal
whenthe relative delayis not zero. The lasttermin (6) is the noiseterm.

From (6), it can be obsened that, if the secondand third termsare very small, ¥;;(k) has
the sameshapeas p(t) for —7'/2 < t < T/2, exceptthatit is scaledby a complex channel
gain andis corruptedby additive noise.In orderto remove the effect of the channel,consider
the sequence\;;(k) = |¥;;(k)|>. Now, the sequence\;;(k) shouldhave a similar shapeto the
function|p(¢)|? for —T'/2 <t < T/2. Thisis illustratedin Figure3, whereanexamplesequence
of A;;(k) is showvn (Q=8, L,=32, L=3 andin the absenceof noise).Note that a scaledversion
of |p(t)|* for —T'/2 < t < T/2 is alsoshown (in dottedline) for comparisonlt canbe seen
that the optimum samplingtime is at t=0 and the samplewith maximumamplitudeis the one
closestto the optimum samplinginstantthanthe remainingsamples.

A simple symbol-timing synchronizationalgorithm is to choosea value of k& closestto the
optimum samplinginstants.That is, the optimum samplingphasek = k, is selectedsuchthat
it maximizesA,;(k). For multiple transmitand receve antennasthe averageof A;;(k) over

all i and j is maximized (see (8), where the scaling factor 1/M N is not includedin order

2NotationxT denoteshe transposef x.



to presere a simplified notation). As mentionedin [4], this is in fact the approximatedog
likelihood function for symbol-timing synchronizationwhen the ISI plus noisetermin (6) is

assumedo be GaussianTherefore the optimum samplingphaseis selectedas

ko = k:()gl,.é.li(Q—lAML(k) (7)
with
M N
Anr(k) =Y Ay(k), (8)

j=1 i=1
Undertheoptimisticassumptiorthatthe sampleslosesto the optimumsamplingpositionsare
correctlyestimatedat high Signal-to-NoiseRatio), the estimationerror, normalizedwith respect
to the symbolduration,is a uniformly distributedrandomvariablein the range[—1/20Q, 1/2Q)].
Therefore,the MSE normalizedwith respectto the symbol durationT is 1/(12Q?). Thus, a

relatively high oversamplingratio might be requiredin orderto obtaina small MSE.

V. DESIGN OF TRAINING SEQUENCES

The performanceof the proposedtiming estimatoris directly influencedby the presenceof
ISI and noisetermsin (6). In order to minimize the contribution of the ISI term in (6), the

training sequenceseedto be designedsuchthat
Cfléi’ =0 ) (9)

for all combinationsof ¢ and+’. Combiningwith the fact that sequencefrom differentantennas
have to be orthogonalwhenthe relative delayis zero, the problemof training sequenceslesign
resumedo finding N sequencesuchthat
cHe, — | c;||*T if i =14 |
0 if @ #4
wherel denoteghe identity matrix. This is exactly the problemof designingmultiple (2L + 1)-
perfectsequence$ll], [12]. Here, we just mentionthe proceduredor designingthe training
sequencednterestedreaderscanrefer to the original papers[11][12] for details.

1) Constructa sequences = [s(0) s(1) ... s(L; — 1)] with length L, suchthat all of its

out-of-phaseperiodic auto-correctionterms are equalto zero. One example of this kind

of sequences Chu sequencgl4].



2) Constructanothersequence’ = [s'(0) s'(1) ... s'(Ly +2NL —1)] of lengthL; +2N L as

follows

s' = [s(0) s(1) ...s(Ly — 1) s(0) s(1) ... s(2NL — 1)]. (10)

(. 7
g

S

Note that L, > 2N L mustbe satisfied.That s, if the numberof transmitantennaV is

large, we cannotusetraining sequencesvith shortlength.

3) The orthogonaltraining sequencesre given by
c;=[s((2e —1)L) ... (2 — 1)L+ Ly — 1)]. (11)

For example,let considerl;=32, L.=3, N=2. First we constructa Chu sequencef length32.
Then cyclically extendthe Chu sequencédy copying the first 2 x 2 x 3 = 12 bits and putting
themat the back. Then,c; = [s'(3) s'(4) ... s'(34)] andcy = [s'(9) §'(10) ... s'(40)].

V. TIMING SYNCHRONIZATION BY ESTIMATION

First of all, let's constructa periodicsequence\ ;.. (m) by periodicallyextendingthe approx-
imated|og likelihood sequence\ ;. (k) in (8). Further denoteA ;..(¢') asthe continuousand
periodic approximatedog likelihood function with its samplesgiven by /NXML(m). According
to samplingtheorem,as long as the samplingfrequeng /T is higher thantwice the highest
frequeny of Ay (€'), then Ay (€) canbe representedy its samplesi ;. (m) without lossof

information. The relationshipbetweenTXML(é’) and /N\ML(m) is then given by

~ R X~ . ¢T —mT
App(€) = mz_:oo Az (m)sinc (WT/—Q/Q> . (12)
Now, expandKML(é’) into a Fourier series
KML(EA/) = Z Ap€j27rp€' (13)
p=—00

where

T ~ ~
A — / Rasp(é)e 27 ger (14)
0



Substituting(12) into (14) yields

T — mT P
Ay = Z Anrz(m / S|nc<7r—6 T/TZQ /Q> e ImPe et

eT —IT —kT/Q\ _.,
— A, j2mpe
Z mi( l_z;o/ smc( 0 ) dé'
= ZAML(/f)@*j%pk/ Qég{smo(ﬂé’)}f:p/@ (15)
whereF{} denoteshe Fourier transform.It is clearthatif @ is even,
QZ A]\{L( )e—jZka/Q forp: —Q/2+1,,Q/2—1
Ap =9 55 Xise M (k)e 72mk/Q forp=-0Q/2,Q/2 )
0 otherwise
andif @ is odd,
o) TS Mnk)e P forp=—1Q/2). . |Q/2]
! 0 otherwise

From (13), it can be seenthat once the coeficients A, are determined,the timing delay
¢ can be estimatedby maximizing A, (¢/) for 0 < ¢ < 1. For efficient implementation,
Aur(€) for 0 < ¢ < 1 canbe approximatecby an K-point sequencegenotedas A, (k) for
0<k<K-1, by zero paddingthe high frequenciescoeficients of A, and performing a
K-point inverseDiscreteFourier Transform(IDFT). For sufficiently large value of K, AML(I%)
becomesvery closeto /NXML(Q’) for 0 < ¢ < 1, andthe index with the maximumamplitudecan
be viewed as an improved estimateof the timing parameter’.

To avoid the compleity in performingthe K-point IDFT, an approximatiod is appliedto

(13). More precisely
Aurrn(€) & Ag + 2Re{ A1} for0< ¢ <1, (16)

whereRe{z} standsfor real part of x. In orderto maximizethe approximatedog likelihood

function AML( "), we have

arg(A;) = —ome, a7

3A similar approximationhasbeenappliedin [15].



wherearg(xz) denoteshe phaseof =. Or equivalently,
1 =
¢ =— arg{; Apsp (k)e32mk/QY, (18)

The estimateddelay ¢ is the time betweenthe first samplingphaseand the nearesoptimum
samplinginstant. The calculationwithin the arg-operationis actually the 2"¢ output of an Q-
point DiscreteFourier Transform(DFT) of the sequencéor the Fourier coeficient at symbolrate
f = 1/T). Note that the increasein compleity of the proposedalgorithmin (18) with respect
to thatof optimumsamplesselectionalgorithmis only a @-point DFT (which canbe efficiently
implementedusing Goertzels algorithm) and an arg-operation.From the simulationresultsto
be presentedat SectionVll, it is found that an oversamplingfactor @ of 4 is sufficient to yield
good estimatesn practicalapplications.Therefore,the 4-point DFT in (18) can be computed
easily without ary multiplicationssinceexp (—j2rk/4) € {£1,+j}. This greatly reducesthe

arithmeticcompleity of implementation.

VI. PERFORMANCE ANALYSIS

We derive the MSE expressionsof the proposedestimatorin this section. Since we can
constructorthogonalsequencesuchthat (9) is satisfied,the ISI term in (6) vanishesFurther

with the factthat ||c;||? = L; , we have

Anr(k) = i i Wi (k)] = W?hp*(KT/Q — €T) + v(k) (19)
where T
w £ /E,/NL, (20)
h 2 Zii%ijp (21)
(k) £ XN: i{|cfnj(k)|2 +2W2p(kT/Q — €'T)Relhij(ci'n;(k))"}- (22)
Let T

1 —
€ = 5 arg(e™7?m) (23)



asthe true delay Taking the differencebetween(18) and (23), the MSE is given by

oo = (3’ [fon 2}

@l

(24)

Q

E[¢°] — 2E[¢¢"] + E[(¢")?]
<27r) B0 1 2E[66"] + Bl(0) (<0)
_ Re{E[¢*]} — E[pp*]
- (%) Re(B[¢)) 1 Bloo] @7)
where
Q-1
¢ 2 &N " Ay (k)e 729,
k=0
Q-1
= W2hel*™ Z P*(KT/Q — €T)e 72™/9 4 17 Zv(/@)e*ﬂ”k@, (28)

andin passingfrom (26) to (27), the fact E[(¢*)?] = (E[¢?])* wasused.Whatremainsto do is
to calculateE[¢?] and E[¢¢*].

From (28), we have

Q-1 2 Q-1 2
[¢2] W4 h2 jame’ (Zp kT/Q ) —]27rk/Q> +€j4ﬂ-€/E [(Zv(k)ej2ﬂ'k/Q> ] )

k=0 k=0
(29)
The crosstermsvanishsince h and v(k) are uncorrelatedand it is proved in Appendix| that
E[v(k)] is a constantandindependenbf k. Note that & is a centralchi-squarerandomvariable
with 2M N degreeof freedomandvariancein eachdimensionequals0.5, so E[h?] = M N(1 +

MN). 1t is further proved in Appendix| that

E[p(K)v(k")] = MN(MN + ¢*((K' — k")T/Q))N; L§ (30)
+2M NN, LW?p(K'T/Q — €T)p(K"T/Q — €T)p((K — k"\T/Q)

where

o2 | " (it + Tt (31)



is the correlationbetweennoisesamplesntroducedby the matchedfilter. Using (30), it canbe

easily showvn that

Q-1 2
E ( v(k)e_jz"k/Q> =2MNN,LW?*Egy + MNN2L{ZEny, (32)
k=0
where
Q-1 Q-1
Esn = p(KT/Q — €T)p(K"T/Q — €T)p((K — K")T/Q)e™>™"/Re=72mH/Q (33)
k'=0 k=0
Q-1 Q-1
Envn = (K = K)TQ)e 72" /Qe 72mH/Q, (34)
k'=0 k"=0

Plugging (32) backinto (29), an expressionfor E[¢?] is obtained.A similar procedurecan be
appliedto obtainthe expressionfor E[p¢*]. After somestraightforward manipulationsijt canbe
showvn that the MSE for a specificdelay ¢’ is given by

s (LY BB - B
BiE ==~ (5:) Feqeie) T oo .

where

2 1+ MN o E,\ ' 2L¢ jupe B\ 2 e
E[¢?] = L} elime (ZSS)2+(—) ~elt ZSN+(—) e Enn, (36)

N? N,) N N,
1+ MN _ BN\ 2L, B\
B9 - Bzl + (5) pdent () = (37
with
Q-1
Zss = Y _ P (kT/Q — €T)e 7>/, (38)
k=0

Sincethetiming delayis assumedo be uniformly distributed,the averageMSE canbe calculated

by numericalintegration of (35).

VIlI. SIMULATION RESULTS & DISCUSSIONS

The performancesof the synchronizersbasedon the optimum sample selection (7) and
the proposedalgorithm (18) are evaluatedin this section.The MSE (normalizedwith respect
to symbol duration 7') of the estimatesare calculatedusing both the analytic expressions
derived in the last sectionand Monte Carlo simulations,where each MSE-value is obtained

by averagingover 10° estimates.Since it is assumedthat the first sample of the training



sequencecan be correctly identified, the timing offset ¢ becomesuniformly distributed in the
interval [—1/20Q), 1/2Q)]. The channelcoeficientsh;; aregeneratecscomple« Gaussiarrandom
variableswith zeromeananda varianceof 0.5 perdimension.Theraisedcosinepulsewith excess
bandwidtha = 0.3 is consideredThe training sequencearegeneratedollowing the procedures
in SectionlV with L. = 4. In all thefigures,MSE of boththe proposedalgorithmandthe optimum
sampleselectionalgorithmare plotted againstZ, /N,,, with the markers shaving the simulation

results,while the solid lines representhe theoreticalMSE derived in the last section.

A. Effect of Oversampling Ratio

In (12), it is assumedhat the samplingfrequeny is at leasttwice the highestfrequeng of
Anr(€). Since Ay (€) hasthe sameshapeas |p(t)|? for —T/2 < t < T/2, wherep(t) is a
raisedcosinepulse, it is naturalto predictthat the samplingfrequeny /7T hasto be greater
than2 x 2/T (i.e., @ > 4). This predictionis corroboratedby Figure 4, wherethe MSE are
shawvn for =2, 4, 8 and 16 in a two-transmit,four-receve antennasystemwith 7.,=32. Several
conclusionscanbe dravn from the figure:

1) Performancesf the optimumsampleselectionalgorithmarelower boundedby 1/(12Q?),
and are poorerthan that of the proposedalgorithm, for all value of @) (except @=2, in
which casethe performance®f both algorithmsare the same).

2) It can be seenthat for =2, the MSE of the proposedalgorithm is much higher than
otheroversamplingratio. This confirmsthe above agumentthat () hasto be greaterthan
4 in orderto representh ;. (¢') without much loss of information. For Q=8 and 16 the
performanceimprovesat high £;/N,. This canbe explainedby the fact that KN[L(é’) is
a truncatedversionof |p(t)|2, so Ay.(¢') is no longer bandlimited. Therefore,A ;. (m)
would, in general,suffer from aliasing from the neighboringspectra.increasing thus
reducesthe aliasingand improvesthe performance.

3) TheanalyticalMSEs(solid linesin the figure) matchvery well with the simulationresults
for =4, 8 and16. Note thatfor (=2, the analytic MSE expressiondoesnt hold andonly
the simulationresultshave beenplottedin Figure 4.

4) Strictly speaking ) shouldbe at leastequalto 16 in orderto represenTT\ML(E’) usingits
samplesh ;. (m) without lossof information.However, for Q=4, the MSE of the proposed

algorithm reachesthe order of 10=° at mediumand high E,/N,, which is a reasonably



good performancein practical applications.Becauseof this reason,Q = 4 is usedto

generatethe simulationresultsfor the restof this paper

B. Effect of Length of Training Sequences

Figure5 shavs the MSE of a two-transmit,four-receve antennasystemwith differentlengths
(L) of thetraining sequencedn this figure, it canbe seenthatincreasinghe lengthof training
sequencesmproves the performanceat low FE;/N,. But at high E;/N,, the MSEs are the
samefor all L;. Again, the performance®f the proposedalgorithmis much betterthanthat of
optimumsamplesselectionalgorithm.It is alsonotablethatthe analyticMSE expressionsnatch

the simulationresultsvery well.

C. Effect of Number of Receive Antennas

Figure 6 comparesthe MSE for different numberof receve antennaswhen two transmit
antennasand L; = 32 are used.We can seethat increasingthe numberof receve antennas
reducesthe MSE at low E,/N,, but it doesnot help at high E,/N,. The proposedalgorithm
exhibits much smaller MSE than the optimum sampleselectionalgorithm. When comparing
the theoreticaland simulationresultsof the proposedalgorithm, it canbe seenthat they match
pretty well exceptfor M = 1 case.This is due to the fact that the arctan approximationin
(25), in general,holds only for AWGN channel$ but not for fading channelsin the presence
of fading, the channeloutput may assumea large rangeof valuesand the approximationdoes
not hold arymore. Of course,a better approximation,suchas arctan(z) ~ x — 23/3 + 2°/5
may be used,but the analysiswould becomeextremely complicatedas higher order moments
are involved. Fortunately as the numbertransmitor receve antennaincreasesthe equialent
averagedchannelacrossall transmit/recaie antennagendsto behae like an AWGN channel
andthe approximatiorbecomewalid again.This canbe seenfrom thecasesV = 2 and M = 4,
the theoreticaland the simulationresultsare closerwhen comparedwith the M = 1 case.For

M =8 and M = 16, the theoreticaland the simulationresultsmatchexactly.

“Note that this approximationhasbeenappliedin similar applications[16], [17] in AWGN channelsonly.



D. Effect of Number of Transmit Antennas

Finally, we assesshe MSE whendifferentnumberof transmitantennasreusedwith L; = 64.
The resultsshavn in Figure 7 illustrate that increasingthe numberof transmitantennasioes
not changethe MSE performancesThe theoreticaland the simulationresultsfor the proposed

algorithmmatchvery well. Onceagain,the proposedalgorithm performsmuch better

VIIl. CONCLUSIONS

A new symbol-timingdelay estimatorfor ST coding systemshasbeenproposedIt improves
the optimumsampleselectionalgorithmof Naguibet al. [4] suchthataccuratdiming estimates
areobtainedevenif the oversamplingratio is small. The increasdan implementationrcompleity
with respecto the optimumsampleselectionalgorithmis very small. The requirement@andthe
designprocedurefor the training sequencesire discussedAnalytical expressionsor MSE of
the proposedestimatorare derived. It is shavn that the MSE analyticalexpressiongnatchvery
well with the simulationresultsin most of the cases.Simulationsresultsalso show that, for
modestoversamplingratio (suchas ()=4), the MSE of the proposedestimatoris significantly
smallerthan that of the optimum sampleselectionalgorithm. Furthermore the performanceof
the proposedalgorithm improves with the numberof receve antennaseing employed or the

length of training sequences.
Appendix |: Proof of E[v(k)] is a constant and (30)

We first note the following facts

EnLQ+K)] = 0 Vi K (39)
Ehyn(LQ+ k) = 0 Vi j 1,k (40)
En;(LQ+K)ny(LQ + kK] = 0 Vi il b K K (41)
E[n;(LQ + k)i (LQ +E")] = Nop(((lh — 1)@ + kK — K")T/Q)dj (42)
Elhijhsy] = 0 Vi, 5.5 (43)

Elhijhi; ] = 6wdjjr (44)



whered,;; = 1 if 1 = ¢ andzerootherwise.Sincethe matchedfilter is a root raisedcosinefilter,

we also have
p(0) = 1 (45)
p(1) = (=7 (46)
o(IT) = 0  forl+#0. (47)
Let
vij (k) = |ei'n; (k)]* + 2W?p(kT/Q — € T)Re[hy;(ci'n; (k)] (48)

suchthatv(k) = 3> S v;;(k). The meanof v;;(k) is

Ev,(k)] = Y > al)OER(IQ + k)n;('Q + k)]

Li—1
> le(PE[In;(1Q + k)|’
=0
= N,L;, (49)
wherein thefirst equality we applied(40) andin the secondequality we applied(47). Therefore,
Elv(k)] = MNN,L; is a constantand independenof k.

The secondmomentof v;;(k) is given by
E[vi; (K vy (K")] = E [|c/'n;(K) | (K")?] + 4W?p(K'T/Q — T)p(K"T/Q — €'T)
(50)
B {Re [hi; (c]'n;(K))"] Re [hiry (cin (k)] } .

Note that (40) makesthe crosstermsvanish.Consideringthe first termin (50),

—1L¢—1L¢—1 Le—

E [|cn, (k)i n, (k") Z >y Z () ci(l) e (Is) e (1)
11=0 l2=0 I3=0 14=0
E[n;(L@Q + K)nj (12Q + Ky (13Q + E")nj (L@ + K")]. (51)
Using the fact thatif a, b, ¢, d arejointly Gaussianthen

E[abcd] = Elab|E[cd] + Elac|E[bd] + E[ad|E[bc] + E[a|E[b|E[c|E[d], (52)



and applying (39), (41) and (42), we have
En;(11Q + K )nj (1@ + K)ny (15Q + k")nj (1LQ + k)]
= N2 [p((lh = 1)T)p((Is — 1) T)] (53)

+ N [p((h = )T + (K = K)T/Q)((la — 3)T + (K — k") T/Q)] 61
Pluggingthis resultbackinto (51), we obtain

1L:—1
E [|c/'n,(K')[*|clin, (K")"] = N2L} + N} {Z Y G )erlae((b — )T + (K = k) T/Q)
11=0 14=0
—1 L¢—
Z Z (I)cw (1) lg—lg)T+(k’—k”)T/Q)}5jj/. (54)
12=0 I3=0

Considerfirst i # i'. We note that the secondterm in (54) is approximatelyzero since () is
a decayingfunction of 7. Whenl; = I or |l; — I4] is small, o((l; — I,)T + (k' — k")T/Q) has
significantvalues.But in thesecasesy " S ¢ (l1)cx (Is) = 0 sincethetraining sequences
aredesignedsuchthatthey areorthogonaWwhentherelative delayis small. When|l; — 4| is large,
o((lh —l)T+ (K —k")T/Q) = 0. The sameargumentappliesto ¢((lo — 3)T + (K — k") T/Q).
For i = ¢/, the only casethat the secondterm in (54) is nonzerois when!; = [, andl, = 3.

Therefore,we have
E [|c/'n;(K)|*|ciin; (K")]?] = N2L7 (1 + @*((K' — K")T/Q)d:ir6;57) - (55)

Now considerthe secondterm of (50) (ignoring the non-randompart at this moment).Ex-
pandingit out andapplying (43) and (44), we notethatit is zeroexceptfor the casei = i’ and

j =4, in which casewe have

4E {Re [hy; (ci'n; (k)] Re [hi; (ci'n; (k)] }

= Blhy (] m-(k’>) h*-( Ty ()] + B [ (cin; (k) hij (efTn, ()]

—1L¢—
= N,E[|h;|] Z Z ci(l)er(1)p((ly — )T + (K" — K)T/Q)
=0 l>=0
Li—1L¢—
+NE[|hi "] ) Z (I)ei(l)p((lh — )T + (K — K"T/Q)
11=0 l2=0

= 2N,Lup((K' — K")T/Q). (56)



Plugging (55) and (56) backinto (50), we obtain

Elvy; (K )iy (K")] = N L{ + Ny Lip* (K — K")T/ Q)i 0

(57)
+ 2N, LW?p(K'T/Q — €T)p(K'T/Q — €T)p((K — K")T/Q)8i0;;

Finally,

(1]

(2]

(3]

(4]

(5]

(6]

(7]
(8]

9]

[10]

[11]

[12]

[13]

M

E[u(K)v(k")] = EUU oy (k") +ZZZZEUU Yoo (k"))

=1 =1 ]17,1]—11/—1
J'#G VF

= MN(MN +¢*((K = k")T/Q))N; L{

+2MNN,LW?p(K'T/Q — €T)p(k"T/Q — €T)o((K' — K")T/Q). (58)
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Fig. 3. An exampleof A;;(k) with the scaledversionof |p(t)|* for —1'/2 < t < T'/2 (dottedline).
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